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SEIFERT MATRICES AND BOUNDARY LINK COBORDISMS

KI HYOUNG KO

ABSTRACT. To an m-component boundary link of odd dimension, a matrix
is associated by taking the Seifert pairing on a Seifert surface of the link. An
algebraic description of the set of boundary link cobordism classes of boundary
links is obtained by using this matrix invariant.

1. Introduction. An m-link of dimension n is a smooth oriented submanifold
L in S™*t2 where L = L; U---U L,, is the ordered disjoint union of m manifolds
which are each homeomorphic to S™. S™*2 in the definition is assumed to be given
a fixed orientation and called the ambient sphere. Two m-links Lo, L, are said to
be cobordant if there is a smooth oriented submanifold IL in S™*2 x I such that

(i) IL intersects S™*2 x 1 transversely at L;, for 1 = 0,1;

(i) IL is homeomorphic to Ly x I.

IL is called a link cobordism of Lo to Ly. Let C(n,m) denote the set of cobordism
classes of m-links of dimension n. Then C(n, 1) is the usual knot cobordism group.

There have been at least three effective ways to study knot cobordisms. The first
approach is to use the Seifert pairing which is defined on the middle dimensional
homology of a manifold bounded by an odd dimensional knot [L3, L4]. Another
approach which is closely related to the first, is to use the Blanchfield pairing which
is defined on the middle dimensional knot module [K1]. These two approaches are
intuitive and have the advantage that they classify odd dimensional simple knots
up to ambient isotopy as well [L5, K2]. The third approach is to construct and
classify the complements of knot cobordisms using homology surgery [CS1]. Since
this approach relies on a general surgery machine, it can be applied to more general
situations [CS1, CS and De|. All these three approaches completely solve the
higher dimensional knot cobordism problem. An equivalence between the first two
pairings has been given explicitly in [L6] and, between the last two approaches,
abstractly in [Ra].

One might start to study the link cobordism problem by asking whether the
problem can be reduced to the knot cobordism problem, that is, whether C(n,m)
is isomorphic to mC(n,1), the direct sum of m copies of C(n,1). The answer
is, unfortunately, no [CS|. The direct attack on C(n,m) using Seifert pairings
faces an immediate difficulty that one cannot find a “nice” manifold bounded by
a link which has enough information to work with. So we will consider, rather,
the following kind of m-links. An m-link L in S™*? is called a boundary link if it
bounds m disjoint orientable submanifolds in S**2. We define a natural relation
called boundary link cebordism between boundary links. Two boundary m-links Ly,
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L, are boundary cobordant if there is a link cobordism IL of Ly to L; which bounds
m disjoint orientable submanifolds in S"*2 x I. Let B(n,m) denote the set of
boundary cobordism classes of boundary links. It is known that B(n,1) = C(n, 1)
and B(n,m) = 0 for n even [K, Gu]. The difficulty above will be isolated by
breaking the link cobordism problem into the following problems:

(i) Determine B(n,m).

(ii) Compare boundary link cobordism with link cobordism.

(ili) Determine when a link is cobordant to a boundary link.

Problems (ii) and (iii) will not be considered in this work and one can find partial
answers in [CS] for (ii), and in [De, Sa, Co and Or] for (iii).

To study B(n, m) one has to deal with another difficulty which does not occur for
C(n, 1). The union of m disjoint orientable submanifolds bounded by a boundary
m-link L is called a Seifert surface for L. One can choose many distinct Seifert
surfaces for a given boundary link. If m = 1 (or m = 2, it turns out), then they
are cobordant relative boundary. But this is not the case in general. Since the
Seifert pairing is taken from a Seifert surface, it depends on the choice of Seifert
surfaces for a given link and so we should consider a pair (L, M) of a boundary
link L and its Seifert surface rather than a boundary link L itself. A similar
boundary cobordism relation on these pairs is defined and C,,(B,,) denotes the set
of such equivalence classes. Then the boundary connected sum gives an abelian
group structure on Cy(By,). The change of choice of Seifert surfaces for a given
boundary m-link can be described as an action by the group A,, of generator
conjugating automorphisms of the free group with m generators. S. Cappell and
J. Shaneson [CS] have alternatively considered pairs (L,6) called F,,-links, that
is, L is a boundary m-link and- 6 is a splitting map for a meridian map of the
link group of L. A suitable cobordism relation, called F,,-cobordism, between F,,-
links was defined and Cy,(F,,) denoted the set of F,,-cobordism classes. Then they
determined Cy(F,,) and B(n,m) in terms of their I'-groups [CS, CS1]. In §2, we
prove that there is an 1 : 1 correspondence between Cy(B,,) and C,(F,,) which
preserves the A,,-action.

In §3, we associate to a Seifert surface of a boundary m-link of odd dimension
a matrix which represents the Seifert pairing on the Seifert surface. Such a matrix
which has m? integral matrices as entries is called a Seifert matriz. Let G(m,¢) be
the abelian group of cobordism classes of Seifert matrices of type (m,¢), ¢ = +1.
An action of A,, on G(m,¢) is also defined. Then we have the following algebraic
formulations of B(n,m). For n =2 or n > 4, B(n,m) is isomorphic to

0 if n =0 (mod 2),
G(m,+)/Am ifn =1 (mod4),
G(m,—)/Am if n=3 (mod4),

and B(3,m) is isomorphic to Go(m, +)/A,, where Go(m, +) is a subgroup of index
2™ in G(m, +).

In §4, we give an example of a boundary link bounding two Seifert surfaces that
are not boundary cobordant.

This work is based on a part of the author’s Ph.D. thesis, written at Brandeis
University. I am grateful for the guidance of Professor J. Levine.
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2. Boundary links and boundary link cobordisms. An m-link L = L, U
-+ U Ly, in 8™*2 is called a boundary link if L; is the oriented boundary of a
smooth, oriented submanifold M; in S**2 for each i = 1,...,m and M;,..., M,
are disjoint. The ordered union M = My U --- U M,, is called a Seifert surface! of
L if each M; is connected. One can choose infinitely many topologically distinct
Seifert surfaces for a given link.

By using the trivial normal bundle of L in S”*2, we can find a tubular neigh-
borhood T of L which is diffeomorphic to L x D? and unique up to ambient isotopy
relative L for n > 2. Let X be the closure of S"*2 — T, which will be called an
exterior of L. When we identify X with L x S!, the orientation of L and the fixed
orientation of the ambient sphere determine the oriented meridian fiber on the ith
component of X, i.e., p x S! for p € L;. If we connect it to the base point in X
by a path, we have an element in II; X which is called an th meridian in ITI; X and
is well defined up to conjugation.

F,, denotes the free group generated by m letters z;,...,2,. The following
proposition is due to Smythe [Sm] and Gutierrez [Gu]. We will give a proof which
will be needed for Lemma 2.2.

PROPOSITION 2.1. L is a boundary m-link in S™+2 if and only if there is an
epimorphism 0: 11, X — F,, which sends an tth meridian to z; fori=1,...,m.

PROOF. Let M be a Seifert surface of L and M = M N X. The Thom-
Pontryagin construction of submanifold pair in (M,dM) in (X,8X) gives a map
f:X —\/ S'where \/ S! is the m-fold wedge product of S*.

By specifying base points of each copy of m(S™ x S!), we have a map from m
points to m(S™ x S1). Let A be the mapping cone of this map. Since M is a
disjoint union of connected bounded submanifolds, X — M is (pathwise) connected.

So we can find m paths from the base point (not in M) of X to each component of
0X. This defines an embedding

i: (A,m(S™ x S'), the cone point) — (X, 08X, the base point).

We identify II; A and II; \/ S! with F,, in the obvious way. Then the composite
f«t. of the induced maps on the fundamental group is the identity map of F,.

Conversely, let u: F,,, — II; X be a homomorphism sending z; to an 7th meridian
whose image is z; under 6 for each . We realize u by an embedding 7: A — X. The
projections on each copy S™ x S! of A define a map e: A — \/ S! by sending all arcs
of A to the base point of \/ S!. Since we have on fundamental groups that e, = id,
t« = 1 and fp = id, there is an extension f: X — \/ S! of e such that f; = e and
f« = 0. The transversality of f to m disjoint points, one from each circle of \/ S,
gives m disjoint submanifolds My, ..., M,,. We note that since the restriction f|0X
behaves like the map projecting the i¢th copy S™ x S of m(S™ x S!) to the ith
St of \/ S, the ith copy of X contains only dM;. Each M; is not necessarily
connected. We may throw away closed components from M = M; U---U M,, so
that we have a Seifert surface for L by adding collars to M.

Such an epimorphism 6 will be called a splitting map for L because it makes a
meridian map u: F,, — II; X sending z; to an ith meridian for each 7 split, i.e.,
Ou = id.

1 Although n > 2, it is a tradition to use this terminology of the classical dimensional analogue
after (Se].
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In the last argument of the proof of 2.1, the arbitrary removal of closed compo-
nents costs us that the resulting Seifert surface may not induce the given splitting
map 6. For a later purpose, we need

LEMMA 2.2. For a gwen splitting map 6 of a boundary link L, there is a Seifert
surface of L which induces 8 by the Thom-Pontryagin construction.

PROOF. In the proof of 2.1 above we had submanifolds My, ..., M,,. The ith arc
of i(A) in X may intersect My, ..., M,,. We write down the intersection as a word
w; on letters z1,...,x,, in the obvious way. Then the ith generator of I1; A goes
to wixiwi‘l under the map e,:I[;A — F,,. Since e, = 0 = id when we identify
IT; A with F,,, the word w;z;w,; ! should be reducible to z;. Thus w; must be
reduced to a product of z; (or z 1) by cancelations. We realize these cancelations
by connected sum, that is, if w; contains a subword of the form zkzgl (or x;lxk)
for some k = 1,...,m then M meets the ith arc of {(A) twice successively with
different signs. We do an index 1 ambient surgery using the tube, homeomorphic
to D! x S™ around the sth arc. The orientation extends to the tube. We continue
this process for all cancelations in w;. One has to use a thinner tube to realize
another cancelation through the cancelation which has been already realized, e.g.,
w; = zj_lzkz;lzj. Now the 2th arc intersects only M; a number of times. We
do this for all w;, 1 = 1,...,m, to get m new submanifolds M{,..., M/ such that
M intersects only the ith arc for each 7. The Thom-Pontryagin construction of
M{U---UM/, gives a map f: X — \/S! which is homotopic to f. We now get
rid of closed components from Mj,..., M/, , if there are any. So we have connected
submanifolds M{ U--- UM/, in X. Let f”: X — \/S* be the map obtained from
M{U---UM] . Then f.i. = fl'i. on fundamental groups. We appeal to a Stalling’s
theorem [St] to show fI/ = fi and so f! = 6. Since H(II; X) = Hy(F,) = Z™ and
Hy(F,,) =0, f., f and 7. induce isomorphisms and the commutative diagram:

I X/ (I X).,
i/ N7
i\ N
I, X/ (1 X)w
where G,, denotes the intersection of terms in the lower central series of G. Then
F. = 7! Since (Fm). is the trivial group, we have ker f/ = (II; X),, = ker f”.
Thus f = f.. This shows that M{ U---U M)’ is the desired Seifert surface of 6.

Let C A,, be the group of automorphisms of F;,, which send z; to a conjugate of
x; for each ¢ = 1,...,m. The following lemma has been observed in [CS].

LEMMA 2.3. Let L be a boundary m-link in S™*2.
(1) If 0 1s a splitting map for L, then so is - 0 for all a € CA,,.
(2) If 6, and 0 are splitting maps then 03 = a - 01 for some a € CA,,.

The above lemma shows that all splitting maps of a given boundary link can be
found by compositions by elements of CA,, with a given splitting map. In order
to describe the corresponding geometric changes of a given Seifert surface, we will
use the following lemma.
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Let o € CA,,, then for each i = 1,...,m, a(z;) = wi:ciwi_l for some w; € Fyy,.
We write simply « = (wy,...,wn). This expression is unique if each w;z;w; lis
(freely) reduced, i.e., w; is (freely) reduced and does not end with the letter x; or

z;
We define elements a;; = (e, ..., e, j,¢,...,€e) where z; is in the ith spot and e
denotes the empty word. Note that ai_jl = (e,...,e,z; ' e,...,e) where a:}l is in

J
the ¢th spot.
LEMMA 2.4. CA,, 1s generated by a;; fori,7=1,...,m and v # j.

PROOF. It is easy to see that CA,, is a group. In fact, if a = (wy,..., W)
then a~! = (o~ Y(wi?'),...,a " (w;;!)). For a € CA,,, we define the length [(a)
of a by l(a) = l(w1) + - - + l(wm) after we write a = (wy, ..., wn,) uniquely where
l(w) is the length of a reduced word w. Then one can easily see that I(a) = 0 if
and only if @ = id. Let o be an element in CA,, which is not the identity. We
write @ = (wy, ..., wy,) in the unique way. Then we claim that there is at least one
pair (7, k) for some j,k = 1,...,m such that wy = w;z5W), where Wy is a reduced
word which does not end with zj or x,:l and ¢ = £1. Since wy was reduced, wy
can not start with z°°. Then aey = (wi,...,wy,) where w; = w; for © # k and
wy, = w;Wk. So l(aa;j) is strictly less than [(a). By induction on the length of
automorphism, we can make « into the identity by composing of;’s on the right
hand side. To show our claim, we write a~! = (uy, ..., U, ) uniquely. Since o # id,
there is a k = 1,...,m such that wy is not the empty word and neither is ug. If uy
is given by the word z! - - 77, then

-1
T T
T = ao” Hzy) = <H(wksziiwk_sl)) wiTwy (H(wk,zz:w;’l)> .

s=1 s=1

Since w;z,w; ! was a reduced word for each 7 = 1,...,m, so is W, zii Wy ! for each
s=1,...,r. Thus in the above product any cancelation must begin between one of
pairs (wk—'l,wk) or (w,;l, wy,,,) for s =1,...,7—1. We now assume that our claim
is false. Then there is no way for any of the middle letters in the block, i.e., zx and
zi: ,--+, Ty in the above product, to be canceled out. Since there is at least one
letter among these middle letters which is different from z; or x;l (for example
zy’), this is a contradiction.

We are going to find invariants? extracted from Seifert surfaces rather than
boundary links themselves. Seifert surfaces of a given knot are all cobordant relative
their boundaries. So one can analyze them by using the Morse theory [L5]. But
this is not the case for boundary links due to the fact that splitting maps of a given
link may differ by more than inner automorphisms, i.e., elements in CA,,. One can
easily see that if m > 3, CA,, contains elements which are not inner. Thus it is
natural to consider the following set.

2Cappell and Shaneson have used the terminology “local” for these invariants, comparing with
their approaches analyzing complements of links [CS)].
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Let S(n,m) denote the set of all Seifert surfaces with m components in S™+2,
that is, M € S(n,m) if and only if

(i) OM is homeomorphic to m copies of S™;

(i1) I;/I is a disjoint ordered union of oriented connected submanifolds My, ..., M,
in S™*2,

The orientation of M or M determines a normal vector field of M in S™*2, called
the positive normal direction of M, of the trivial normal bundle of M in S™*2, and
vice versa.

We define the following relation on the set S(n,m). Let M, N be in S(n,m). M
and N are said to be boundary cobordant if there is a submanifold IM of S™*2 x I
such that

(i) IMNS™2x0=Mand IMNS*"t2x1=N;

(if) 0IM — int(M U N) is homeomorphic to m copies of S™ x I,

(i) IM is a disjoint ordered union of oriented connected submanifolds IMj, ...,
IM,, of S™*2 x I with the positive normal direction which restricts to the positive
normal directions of M and N on S™*2 x 0 and S™*2 x 1, respectively.

Such a submanifold IM will be called a Seifert surface of a boundary link cobor-
dism, or simply a boundary cobordism. And dIM —int(M UN) is called a boundary
link cobordism between boundary links 9M and ON.

One can check that the boundary cobordism is an equivalence relation on
S(n,m). We define Cy,(By,) to be the set of boundary cobordism classes of Seifert
surfaces in S(n,m).

We define an action of C A, on Cr(By,) as follows: Let a;; be one of generators
of CA,, as in Lemma 2.4. And let M = M; U.--U M,, be a Seifert surface in
Sn+2. We place a copy M of M; parallel to M; in a neighborhood of M; on
the side of the positive normal direction of M;. Similarly we place a copy M,
on the side of the negative normal direction. We may assume that M;" N M and
M NM are empty. It is easy to see that M, and OM;” bounds a submanifold V'
in §**2 — (M UM;" UM;"), homeomorphic to D' x S™. Let M} = M;" UV UM, .
After rounding the corners, M} is a closed submanifold in Sn+2 _ M. We choose
an arc starting in the negative normal direction from an interior point of M, and
ending at a point of MJ’ Using this arc, we take an interior connected sum of M;
and M ]'-, and denote it by MJ’»’ . We smooth the corner of M]" . A positive normal
direction of M’ is induced from the one on M;. We define an action by a;; on M
by

i -M=MU---UM; UM/ UM;11U---UM,,.
Obviously, a;; - M depends on the choice of arcs. But this action is well defined
on Cr(Bm). To see this, let M, N be Seifert surfaces in S(n,m) such that they
are boundary cobordant by a boundary cobordism IM in S™*2 x I. Construct
M} and N; from M and N as above. Similarly, construct a submanifold /M} in
(S™*2 x I) — IM surrounding I M; so that OIM; = M;UN;. We take a boundary
connected sum of /M and IM; in S™*2 x 0 using the arc which has been used for
the interior connected sum of M and M;. And we simultaneously take another
boundary connected sum of IM; and IM; in S"+2 x 1 using the arc which has
defined the interior connected sum of N/ and N;. We call the result 1M} and
then dIM} = M U N'. By pushing the interiors of thickenings of arcs used for
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the boundary connected sum, into S™*2 x I and smoothing the corners, we have
a boundary cobordism IM; U---UIM} U---UIM,y,, which will be denoted by
a;; - IM, between o;; - M and ay; - N.

The following concepts are due to Cappell and Shaneson [CS]. An F,,-link of
dimension n is defined as a pair (L,6) where L is a boundary m-link in S"*? and
0 is a splitting map for L.

We fix some notations. Let L; be links with exteriors X; for + = 0,1. Let IL be
a link cobordism between them. Then we let IX be an exterior of IL extending
Xo and X;.

Fn-links (L;,0;), 1 = 0,1, of dimension n are F,,-cobordant if there is a link
cobordism IL in S™t2 x I of Lg to L and there is an epimorphism ©: I, IX — F,,
such that §; = ©-7; up to inner automorphisms of F,, for + = 0,1 where 3;: II; X; —
I1,IX are induced from inclusions.

REMARK 2.5. Suppose that f,g: A — B are epimorphisms of groups. Then f
and g differ by an inner automorphism of A if and only if they differ by an inner
automorphism of B. Thus, in the above definition of F,,-cobordism, the ambiguity
in the choice of base points of Xy, X; and IX is absorbed by inner automorphisms
of Fy,.

Such a pair (IL,0) is called an F,,-cobordism of (Lg,6p) to (L1,01). Cn(Fn) is
defined to be the set of F,,-cobordism classes of F,-links of dimension n.

CA,, acts on F,,-links by composition, i.e., o - (Lf) = (L,af). This action
naturally induces a well-defined action of CA,, on C,(F,,) because (IL,a®) is
an F,,-cobordism of (L;,ab;), ¢ = 0,1 for any a@ € CA,, when (IL,0) is an F,,-
cobordism of (L;,6;), ¢ = 0,1. Also we note that inner automorphisms of F,,, act
trivially on Cy(F,,) by the definition.

The following lemma is the link-cobordism version of Proposition 1.1.

LEMMA 2.6. Let IL be a link cobordism of boundary links L;, 1 = 0,1. Then
the following are equivalent:

(i) IL is a boundary link cobordism for some choices of Seifert surfaces of Ly to
L. :
(ii) There is an epimorphism ©:11,IX — F,, such that © - 5, = 6; up to inner
automorphisms of F,, for some splitting maps 6; of L;, i =0, 1.

PROOF. The same argument as in the proof of 1.1 works if we keep Remark
2.5 in mind. In addition, when we prove (ii) implies (i) we need the fact that two
realizations f1, fj: X1 — \/ S! of splitting maps 6;,0,:11; X; — F,,, respectively,
are homotopic if and only if 6; = 6] for some inner automorphism ¢ of F;,, [Hul].
We note that the choice of Seifert surface of L; corresponds to the choice of splitting
map for L;, and vice versa, for each 7 = 0, 1.

Let A,, be the quotient group of CA,, by inner automorphisms of F,. Ap-
plying Lemma 2.6 to the link cobordism which is a product, we see that inner
automorphisms act trivially on C,(B,,). So we have the induced action of A,, on
Cn(Bm)-

Now we are ready to see:

THEOREM 2.7. There ts a 1: 1 correspondence between Cp(Bpm) and Cp(Fy,)
which preserves the action of A,,.
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PROOF. Proposition 2.1 gives us a map: Cn(Bm) — Cp(Fn) and Lemma
2.2 gives its inverse. The well-definedness of these maps is insured by Lemma
2.6. It remains to show that this map is equivariant under the action of A,,.
Using the notations in the proof of 2.1, the map: C,,(By) — Cn(F) is given by
[M] — [(OM, f.)]. We had the embedding i: A — X such that each arc of i(A) did
not intersect M. It is easy to see that only the ith arc of i(A) intersects the jth
surfaces of a;; - M and they intersect in only one point. Considering the positive
normal direction, we can see that [a;; - M| goes to [(OM, a;; f.)] under this map.

We are going to make C,,(By,), and so C,(Fy,), into an abelian group for n > 2.
The second lemma of the next two lemmas is essential to do this. The other will
be used in §3.

LEMMA 2.8. Suppose n > 3. Then the following two equivalent statements
hold.

(

1) Every class of Cn(Fy,) contains a representative (L,6) such that
(i) 6: 111 X — F,,, 1s an tsomorphism;
(i) ILX =0 for2<:<[(n—1)/2].
(2) Every class of Cp(B,,) contains a representative M = My U --- U My, such
that each M; 1s [(n — 1)/2]-connected.

Such a link L or M as in Lemma 2.8 is called a simple link because the con-
nectivity on complement or Seifert surface of a link in Lemma 2.8 is the strongest
we can ask without making L trivial. If § is an isomorphism and I, X = 0 for
2 <1 <[(n+1)/2] then L is a trivial link for n > 3 [Gu, CS].

Before giving a proof, we observe the following:

SUBLEMMA 2.9. Let Xg be an exterior of an m-link Lo of dimension n > 2.
And suppose that there is a smooth oriented manifold I X such that

(1) 0IX = Xo UX() X IUXI, S0 8X1 = (9X0;

(i1) M} I X s normally generated by the vmages of a set of meridians of I1; Xo
under the map induced by the inclusion;

(iii) IX is a homology cobordism of Xo to X1, that is, the inclusion: Xo — IX
induces tsomorphisms on all integral homology groups (by Poincaré duality, so does
the inclusion: X; — IX).

Then Lg 1s cobordant to a link whose exterior is diffeomorphic to X,. Moreover,
if there is an epimorphism ©:I111X — F,, which restricts to a splitting map 0y for
Lo, then (Lg.6p) is Fp,-cobordant to an F,,-link whose exterior is diffeomorphic to
X;.

PROOF. Consider U = IX U (T x I) where T is the tubular neighborhood of Lg
with Xo UT = S™*2. By Van Kampen'’s theorem and condition (ii), IT; U is trivial.
By Meyer-Vietoris sequences for Xo UT and IX U (T x I), and condition (iii), and
the five lemma, we have H,U = H,S™*2. Thus U is an h-cobordism of S™*+2.
By the h-cobordism theorem (for the case n = 2, [Sh]) there is a diffeomorphism
f:U — S™+2 x I fixing XoU (T x 0). Since any diffeomorphism of S™*? is isotopic
to the identity in the complement of an (n + 2)-cell by the uniqueness of smooth
disks, f(Lg x I) is a link cobordism of Lg to a link f(Lg x 1) which is ambient
isotopic to the link Ly x 1 in X; U (T x 1).
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The restriction 0,:I1; X; — F,, of © is a splitting map for the link Ly x 1 in
X UT x 1. The link F(Lg x 1) has the splitting map carried by the ambient isotopy
from 0.

PROOF OF 2.8. Let (Lg,0p) be an F,,-link and X an exterior of Ly. We want
to do below-middle dimensional surgeries on the interior of Xy to get a trace of
surgeries I Xy with the property (*):

(i) Let 01X, = Xo UO0Xp X I U Xg. Then (I Xy, X) is (k + 1)-connected,;

(ii) There is an isomorphism Ok:II; (I X}) — F,,, which restricts to 6p;

(iii) TIX, =0 for 2 < i <k, k < [(n —1)/2];

(iv) I Xk is a homology cobordism.

Since X is parallelizable and we do below-middle dimensional surgeries which can
be framed, we can assume that all manifolds involved are stably parallelizable and
all surgeries are framed.

Since 6y:I1; Xo — F, is onto, according to [Ca] ker(fp) is normally generated
by oi,...,q for some o; € II; Xy. We kill ay,...,a; by surgery to have IX] =
Xo x I U2-handles along ay,...,q;. Then ©}:1I;(IX{) — F,, induced by 6y, is
now an isomorphism and (/X{, X1) is n-connected where X| = 91X} — Xo. Since
ay,...,q; are null homologous, Mayer-Vietoris sequence shows that HoI X is a free
abelian group with [ generators and H;IX| = H,; Xy for ¢ > 3. The Hopf sequence
o IX{ — HeIX| — HoF,, — 0 implies that HoI X} is all spherical. Thus we can
kill HoI1X| by adding 3-handles to get I X; without introducing any new homology.
Then II,IX] 2 I1,IX; and (IX;,X;) is (n — 1)-connected. Since n > 3, we have
IX, satisfying (*).

Now we do an induction on k. Assume that we have IX)_; satisfying (*).
I X—1 is generated by relative k-cells in the pair (U,\/ S') as a Z[F,,]-module
where U is the mapping cylinder of a map: Xx_; — \/ S?! realizing 6x_;. Thus
Ml X1 = g X1 is finitely generated as a Z[F,,]-module. We kill I, Xx_; by
adding (k + 1)-handles to I Xx_ to get IX;. The Mayer-Vietoris sequence shows
that Hyy 11X is a finitely generated free abelian group and H;I X} = H;I1X)_ =
H; Xy for ©+ # k 4+ 1. The Cartan-Leray spectral sequence [Mc] of the universal
covering of 1.X} gives the exact sequence

Hk+11X;’c - Hk+1IX,/c - Hk+1Fm — 0.

Thus Hy111X is all spherical and so we can kill Hy4 11X}, by adding (k+2)-handles
to IX, to get IX). Since Hi11IX; was free, no new homology is introduced on
IX). Since (IX},IX)_,) is k-connected and (I Xx,IX}) is (k + 1)-connected, O
is an isomorphism induced from ©;_; and II;IX; = 0 for 2 < 7z < k. And since
(IXk, Xk) is (n — k)-connected and k < [(n—1)/2], it is (k+ 1)-connected. We also
see that H.I X, = H,X,. Part (1) of 2.8 follows from putting k = [(n — 1)/2] and
Sublemma 2.9.

Theorem 2.7 and the unlinking result in [Gu] show that (1) implies (2) of 2.8.
For such a representative Fp,,-link (L,8), let f: X — \/ S! be a realization of § and
let M = M;U--- UM, be a Seifert surface obtained from the transversality of f.
The unlinking theorem [Gu] says that if f is (k + 1)-connected then one can do
ambient surgeries on M to obtain a new Seifert surface N = N; U---U N,,, with
each N; being k-connected. Then M and N represent the same class in Cy(B,,)
because they are cobordant relative boundary.
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The implication from (2) to (1) can be obtained from the construction of the
universal covering of an exterior of a given simple link by cutting and gluing through
the [(n — 1)/2]-connected Seifert surface [Gul].

LEMMA 2.10. Ifn > 2, the following equivalent statements hold:

(1) If two Fy,-links of dimension n are F,,-cobordant then there is an F,,-
cobordism (IL,0) of them such that © is an isomorphism.

(2) If two Serfert surfaces are boundary cobordant then there is a boundary cobor-
dism IM of them such that each component of IM s 1-connected.

PROOF. (1) [CS] Let (IL,0') be an F,,-cobordism with an exterior IX’'. We
do surgeries of index 2 on the interior of I X’ to kill ker ®'. And we do surgeries of
index 3 to kill the integral homology classes produced by the previous surgeries. By
Sublemma 2.9 we have an F,,-cobordism, whose splitting map is an isomorphism, of
F,,-links which are ambient isotopic to the given F,-links. By adding the ambient
isotopy to the F,,-cobordism, we get a desired F,,-cobordism.

To show that (1) implies (2), let IM = IM;U---UIM,, be any Seifert surface of
the Fr,-cobordism (IL,0) as in Lemma 2.6. Let IX be the universal cover of IX.
Then IX can be constructed by cutting and pasting /X along IM as usual. Thus
the map: II3/M — II;IX induced from the inclusion factors through I1; I X which
is the trivial group. Thus the map: II;IM; — II;1X induced from the inclusion is
zero for each k =1,...,m.

We define a function N from the set of Seifert surfaces of (IL,0) to the set of
nonnegative integers as in [L1]. For a set {a;} of generators for IT; /M and a set of
embeddings {f;: (D?,8D?) — (int X, int I M) such that f; is transverse to IM and
fi(8D?) represent a;}, we define N({a;},{f:}) = ¥, order of Ilo(f;(D?) N IM)
and N(IM) to be the minimum of N({«a;},{f:}) for all choices of {a;} and {f;}.
It is easy to see that N(IM) = 0 if and only if each component of IM is 1-
connected. By induction, we will be done if we can find a new Seifert surface IN
of (IL,®) with N(IN) < N(IM) for IM with N(IM) > 0. Let {a;}, {fi} be the
sets defined as above for IM such that N(IM) = N({w},{f:}). The innermost
component of f;(D?)NIM can not be null homotopic in I M, for if it were then f;
could be replaced by another embedding f] with the same property except one less
component of f{(D?)NIM using a disk in IM bounded by the innermost circle.
Then we do a surgery of index 2 on IM using the disk in f;(D?) bounded by the
innermost circle as the core of a 2-handle. We may assume that the 2-handle does
not intersect IM. The new Seifert surface I N obtained from this surgery obviously
has the property that N(IN) < N(IM).

The implication of (1) from (2) follows from the construction of IX using IM if
we show that S™*2 x I — IM is also 1-connected. Let

Ve=8"t2x I - (IMyU---UIM;)

for k =1,...,m where IM = IM; U---U IM,,. By induction it suffices to show
Y is 1-connected assuming that Y;_; is 1-connected. Let R be a closed regular
neighborhood of IMj, in S"*2 x I. Then Y} is homotopy equivalent to the closure
CR of Yi_1 — R. But CRN R is homotopy equivalent to I My Ug I M) where S is
the middle part of I M} which is homeomorphic to S™ x I. Since n > 2 and I M
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is 1-connected, IT; (I My Ug I M},) is trivial and so II; (CRN R) is trivial. Since IT; R
is trivial, IT;CR is trivial by Van Kampen’s theorem. Thus II; Y} is trivial.

We now define an addition + on Cp(B,,) forn > 2. Let M = My U--- UM,
and N =Ny U---UN,, be in S(n,m). Assume that M and N are embedded into
two hemispheres separately in S™+2. We choose disjoint arcs ~; for ¢ = 1,...,m
joining a point in dM; and a point in dN; and being away from M and N except
their ends. Such arcs exist because M U N has no closed components. M;l,, N;
denotes the boundary connected sum of M; and N; along ~;. We put

MUy, ym)N = (Milly, N1 U U (Ml Nom).-

Note that this boundary connected sum does not depend on thickenings of ~;’s up
to ambient isotopy for n > 2. Let [M] and [N] be the classes of M and N in
Cn(Bp). We define [M] + [N] by [Ml(,,,.. . ~y.)N].

PROPOSITION 2.11. + is well defined on Cyr(By,) for n > 2.

PROOF. We have to show that if M and N are boundary cobordant to M’ and
N’ by IM and IN, respectively, and (v1,...,7m) and (v}, ...,7,,) are sets of arcs
as above joining M and N and joining M’ and N’, respectively, then

MUy, .....ym) N is boundary cobordant to Ml . o yN'.

By Lemma 2.10 we may assume that each component of /M and I N is 1-connected.
We may also assume that M and I N are embedded disjointly in S?*t2x I. Arguing
as in the proof of 2.10, the complement of IM U IN in S™*2 x I is 1-connected.

We choose arcs o; for ¢ = 1,...,m in I M; — int(M; U M]) joining the starting
points of ; and v, and arcs 7; for i = 1,...,m in 8IN; — int(N; U N/) joining the
end points of v} and ~;. Since S"*2 x I — (IM UIN) is 1-connected, the simple
closed loops o;,7;y;” ! bound disjoint smooth 2-disks A; in S™*2 x I for n > 2 such
that int A; does not intersect IM U IN. We choose closed tubular neighborhoods
T;fori=1,...,mof A; in S"*2 x I such that

(i) IM NT; and IN N T; are homeomorphic to D™ x I;

(ii) S**2 x 0N T; and S"*2 x 1 N T; are tubular neighborhoods of ~; and ~/,
respectively.
There is a given normal 1-frame on dA; in S™*2 x I, that is, on o; and 7; given
by the positive normal directions of IM and IN in S™*2? x I, and on ~; and ~/
given by the constructions of the boundary connected sums M, . . N and
M'b(y;,... . )N'. We extend this normal 1-frame on A, to A; for each ¢. This
is possible because G +1,1> the space of oriented lines in R"*?, is 1-connected for
n > 2. Let b;, ¢ = 1,...,m be the thickenings of A; orthogonal to these 1-frames
in T;. We put

IMba,,...am)IN =(IMyUby UIN;) U+ U (IMp, Ubp UIN,,)

after smoothing the corners. Clearly Mf,,, . .)N is boundary cobordant to
M"(y;,...yr)N' by IMb(A, .. A,)IN.

Let E be m copies of D"*! disjointedly embedded in S™*2. Any choice of
orientations for E gives the same class in Cp,(By,). It is easy to see that [E] is the
identity element in C,(By,).
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REMARK 2.12. Let M € S(n,m). Then M is boundary cobordant to E if and
only if there is a submanifold V™*2 in the disk D™*3 bounded by the ambient
sphere S™*2 such that

(i) VNSrtZ =9V NS*t? = M,

(ii) 8V — int M is homeomorphic to m copies of D™*1;

(iii) V is a disjoint ordered union of oriented submanifolds V1, ..., V,, of D**+3
with the positive normal direction which restricts to the positive normal directions
of M on D™ *3.

In this situation we say that the boundary m-link OM is boundary slice.

As in the case of knots, the inverse of an element [M] of Cy(By,) is constructed
as follows: We assume that M is embedded in a hemisphere of S"*2. Then —M is
defined to be the image of M with the reversed orientation under the reflection of
S™*2 leaving the boundary of the hemisphere fixed. It is straightforward to prove
that [M] + [-M] = [E] using a spinning argument in which we should choose a
special set of arcs to define a boundary connected sum. Consequently, C,,(B,,) is
an abelian group under + for n > 2. By Theorem 2.7 this abelian group structure
is carried over to Cp(Fp,).

3. Seifert matrices and boundry link cobordisms. In this section we will
discuss an algebraic gadget called a Seifert matrix which is associated to a Seifert
surface in §(2¢—1,m) and we will identify Coq_1(B,) with a set of Seifert matrices
modulo a relation called cobordism.

Meanwhile, any even dimensional boundary m-link is known to be boundary
sliced with any choice of Seifert surface of the link [Ke and Gul]. This is essentially
due to the fact that the odd dimensional surgery obstruction group of the trivial
group is trivial. Thus Coq(By,) = Coq(Fi) = 0 for all g.

All matrices in this section will have integer entries. A matrix A = (A;j)i j=1,..m
of m? matrices is called a Seifert matriz of type (m,€) for e = £1 if

(i) fori =1,...,m Ay is a (2; x 2l;)-matrix with the property that A;; + ¢A%
is unimodular;

(ii) for 7,7 = 1,...,m and © # j A;; is a (2l; x 2l;)-matrix with the property
that A;; = —sA}; where [; are nonnegative integers and T stands for the transpose
of matrices.

We note that A + AT is unimodular if and only if A;; + A% are unimodular
foralle=1,...,m.

Let A = (A;j) and B = (B;;) be Seifert matrices of type (m,¢). A is said to
be congruent® to B if there are unimodular matrices U; for ¢ = 1,...,m such that
UiAijUJT = B;; for all ¢, 5. The block sum A® B is defined to be (A;; ® B;;) where

A; 0

A @ B is obviously a Seifert matrix of type (m, €) again.
A Seifert matrix of type (m, €) is said to be null cobordant if it is congruent to a
Seifert matrix N = (NV;;) of the same type such that for each 7, 7, N;; has the form

0 Gy

30ne should distinguish this from the usual congruence.
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where C;;, D;;j and E;; are (I; X lj)-matrices and Nj; is a (21; x 2;)-matrix. We
say that Seifert matrices A and B of the same type are cobordant if A ® (—B) is
null cobordant.

LEMMA 3.1. If A and N are Seifert matrices of type (m,e) with N and A® N
being null cobordant, then A s null cobordant.

PROOF. Let A = (A;;) and N = (N;;). We consider A;; and N;; as bilinear

forms:
Aij:A,‘XAJ'—>Z, N,;j:N,;XNj—>Z
and so
Aij ® N;j: (A; ® N;) x (A]' &) Nj) — Z

where A;, N;, ¢ = 1,...,m, are free abelian groups with even ranks. By the
hypothesis there are subgroups K; of A; ® N; and N/ of N, for i = 1,...,m such
that for all 2,7

(i) (Aij ® Nij)(K;, K;) = 0;

(i) Ny (N, ) = 0

(iii) rk(K;) = § rk(A; @ NV;) and rk(N’) 3 tk(IV;).
The following argument is applied for all ¢, 5 = 1,...,m without saying it. Let N,
be a subgroup of N; such that N; = N/ @ N/’. Let p;, p; and p} be projections
from A; & N! & N/ onto A;, N/ and N/, respectively. Let K] be a subgroup of K;
defined to be (kerp}) N K; or equivalently to be (A; & N;) N K;. Then we claim
that p;(K)) is the desired subgroup of A;, that is, we must show

(i) Aij(pi(K}), pi(K})) = 0;
() rk(pu(K) = 3 ().
To see (i), let k; € K] and k; € K. Then
Aij(pi(k:), pi (k) = Aij(pi(ki), p; (kj)) + Nij (0 (ks), 0y (k5))
= Aij(pi(ki), p;(k5)) + Nij (0} ® p7) (k:), (0 @ 05) (K5))
= (Ayy @ Nyj)(ks, kj)
=0.
To see (ii), let K" = (kerp;) N K] = N/ N K;. Then we claim that
Nii(pi(K]), 0 (K;)) = 0 = Ni(p (Ky), pi (K]')).
To show the claim, let k! € K" and k; € K;. Then
0= (Aii &) Nii)(k/] k')

= Aui(pi(ki), pa(ki)) + Nua(pi (k7)) + i ('), Pl (k:) + pf (ki)
= Nu(pi(k7'), pi(k:) + pi (ki)
= Nui(p;(k{'), pi (k:))-
Similarly 0 = N;;(p} (k:), pi(k}')). Thus the subgroup p;(K}) of N/ is orthogonal

to the subgroup p//(K;) of N/ with respect to a unimodular form N;; +eNZX which
is a nonsingular pairing of N} with N. Thus rk(p;(K}")) + rk(p/ (K;)) < rk(N}).
Since pl(K}) = K/,

rk(K;') + rk(pf (K:)) < tk(IV7) -+ (%).
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The exact sequences

0—- K — K, & p"(K;) > 0

1

and »
0— K — K 2 pi(K}) = 0

give that rk(p}(K;)) = rk(K;) — rk(K]") — rk(p;(K})). By substituting this in (x),
we have rk(K;) — rk(p;(K})) < rk(N}). Thus, rk(p;(K}!)) > rk(K;) — rk(N!) =
%rk(Ai). Combining this with the fact that A;; + 6A;1; is unimodular, we have
rk(pi(K})) = 3 rk(4y).

-2
COROLLARY 3.2. The cobordism on Seifert matrices of type (m,€) is an equiv-
alence relation.

PROOF. One can check that the operation @ is commutative and compatible
with cobordism. One can also check that A @ (—A) is null cobordant. Let A, B
and C be Seifert matrices such that A is cobordant to B and B is cobordant to C.
Then A® (—B) and B@® (—C) are null cobordant and hence A® (—B)® B& (—C)
is null cobordant. Since (—B) @ B is null cobordant, A & (—C) is null cobordant
by Lemma 3.1.

G(m, ¢) denotes the set of cobordism classes of Seifert matrices of type (m,¢).
Then G(m,¢) is an abelian group under @ because the null-cobordant class serves
as the identity and the class of —A is the inverse of the class of A.

We will construct a map

#(m,q): C2g—1(Bm) — G(m,(—1)9).

But we first assign a Seifert matrix to each element of S(2q—1,m). Let M = MU
---UM,, be a Seifert surface in S(2¢—1,m). The map 1,: H.M — H,(S%971 - M)
is induced from a slight translation: M — S29=! — M along the positive normal
direction of M in the ambient sphere $29~!. The Seifert pairing on M is a bilinear
map
o HM x HM — Z

defined by o(a, 8) = lk(a, 1+ 3) for o, 8 € HyM where lk denotes the linking pairing
in the ambient sphere. Then we have that

o(a, ) + (=1)%0(B,0) = - B

where o« - 3 is the intersection number of a and 8 in M (see [L2]). By choosing
a basis for the torsion free part of HQM = HM; @ --- & HyM,, in order, we
have an associated matrix A = (A;;) for o where A;; is the associated matrix
to the restriction of o to HyM; x HyMj for each 7,5 = 1,...,m. Since A;; +
(—1)9AT. represents the intersection pairing on HyM; and the boundary of M; is
homeomorphic to $29~1, it is unimodular by Poincaré duality for each¢ =1,...,m.
And since M; and M; are disjoint, Ai]‘+("‘1)qA;I<; = 0 for all ¢ # 7. Thus the matrix
A is a Seifert matrix of type (m, (—1)9).

Let A, B be Seifert matrices for Seifert surfaces M, N, respectively. Then it is
clear that A @ B is a Seifert matrix of the Seifert surface MiN and the choice of
arcs for boundary connected sums does not matter. It is also clear that —A is a
Seifert matrix of —M.
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LEMMA 3.3. Let M be a Seifert surface in S(2¢—1,m) and A a Seifert matriz
of M. If M represents the identity class in Coq—1(By), then A s null cobordant.

PROOF. Let V =V, U---UYV,, be a submanifold in D?9+2 as in Remark 2.12.
Let 5;: HQM; — H,V;, + = 1,...,m, be homomorphisms induced from inclusions.
Let K; be the kernel of j;. Let a € K; and 8 € K;. Then ¢, 8 bound chains ¢4, cg
in V. Let t1: HiV — Hy(D%**2? — V) be the map induced from a slight translation
along the positive normal direction on V. Then

oij(a, B) = k(a4 B) = co - (1 4+ ¢p) = 0.
To see that rk(K;) = 1 rk(H,M;), we consider the exact sequence

Ho1Vi > Hoar(Vi, Mi) & HoM; 25 HYV: ™ Hy(Vi, M),
Since dV; — int M, is homeomorphic to D?9, we have
Hg1(Vi, M) = HY(V;, D) = HV,
and
H,(Vi, M;) = HO*'(V;, D) = HI*1V,
And modulo torsions, H7V; = Hom(H,V;,Z) and H?*V; = Hom(H,41V;, Z).
Thus both homomorphisms Hy,V; — Hom(H,V;, Z) and H,V; — Hom(Hg4+.1V;, Z)
obtained from A and 7, respectively, by composing with these isomorphisms, are
adjoints of the intersection pairing H,V; x Hq11V; — Z. In particular, rk(im ) =
rk(imn). By looking at the first three terms and the last three terms of the exact
sequence, we have
rk(im A) + rk(im 3) = rk(Hg41(Vi, My)) = rtk(H,Vi) = rk(imn) + rk(im 7).
Thus rk(im d) = rk(im 7;). The middle three terms give that rk(im d) + rk(im j;) =
rk(HgM;). Thus rk(K;) = rk(im9) = 1 rk(H,M;).

When q > 2, Caq—1(Bn) is an abelian group under the boundary connected sum

and we now have a homomorphism
®(m, q): Cog—1(Bm) — G(m, (-1)7)
defined by assigning to the boundary cobordism class of a Seifert surface, the cobor-
dism class of the corresponding Seifert matrix.

Unfortunately, C;(B,,) does not have a group structure (see Lemma 2.10 and
Proposition 2.11). But we still have ¢(m, 1): C1(By,) — G(m, —1) as a well-defined
map of sets. In fact, let M and N be Seifert surfaces in S3 whose Seifert matrices
are A and B on a given basis of Hi M and H; N, respectively. Suppose that M is
boundary cobordant to N by a boundary cobordism IM in §3 x I. After isotoping
IM, we may choose a point p € S3 such that p x I in S3 x I does not intersect
IM. Then the complement of an open tubular neighborhood of p x I in S3 x I is
diffeomorphic to D*. Consider the surfaces (M1 UN;)U- - -U(My UN,,) in D4 We
may take the Seifert pairing on these surfaces which will give the matrix A® (—B)
on the given basis of H;(M; UN;) @ --- & H;(M,, UN,,). Let K; be the kernel
of 7;: Hi(M; U N;) — H;(IM;) where j; is induced from the inclusion. Then the
Seifert pairing over K1 & - --@® K, is zero by the same reason as in the proof of 3.3.
At this time we take a boundary connected sum M;iN; of M; and N; using a band
in IM; —int(M; UN;). Then OIM; — int(M;}N;) is homeomorphic to D2. We can
now use the argument in the proof of 3.3 to prove that rk(K;) = 1 rk(Hy(M;§N;)).

The following theorem asserts realizations of Seifert matrices (compare [Ke]).
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THEOREM 3.4. (1) For q¢ # 2, let A = (A;;) be a Seifert matriz of type
(m,(—1)9). Then there is a Seifert surface in S9! with Seifert matriz A.

(2) Let B = (By;) be a Seifert matriz of type (m,+1) such that B;; + BL has
signature a multiple of 16 for each v =1,...,m. Then there is a Seifert surface in
S5 whose Seifert matriz is cobordant* to B.

In fact, those Seifert surfaces are ones of simple links.

PROOF. (1) For ¢ = 1, this is essentially a classical construction-disk with bands
(see [Se]). We assume q > 3. We build a 2q dimensional handlebody M, such that

(i) M; has one 0-handle and n; g-handles so that the intersection pairing on HqM;
gives the matrix A;; + (—1)7AZ on the basis obtained from cores of g-handles;

(ii) M, is stably parallelizable.

We take a disk D?9 as a 0-handle and choose framed embeddings %,: $9~! — D24
with framing ¢, € II_;1 SO, for r = 1,...,n; such that

(i) k(2,(S971),4,(S971)) = al, + (—1)%?, for r # s where at, is the (r,s)th
entry of A;;;

(ii) t, = d(a%,) where the (r,7)th entry a’, of A;; is regarded as an element

of 11,59 and 0 is the boundary map of the homotopy long exact sequence of the
fibration SOq — SOgq41 — S9.
We add n; ¢g-handles on D29 along these framed embeddings (i,,t,) to get a handle
body M;. Since t, is in the kernel of the natural map: II,_, SO, — II,_; SO,
M; is stably parallelizable [KM]. We note that p.(t,) = ai, + (—1)%, where
ps:11;_1SOg — I14_1597 ! is induced from the projection. Let ¢t be the homology
class in HyM; obtained by the union of the core of the rth g-handle and a suitable
embedded g¢-disk in D?9. Then it is clear for r # s that ¢t ¢t = ai, + (—1)%a,. We
note that ct - ¢t is the Euler number of the normal bundle of an embedded g-sphere
representing ct. So we have ¢t - ct = at, + (—1)%a’,. Thus we have constructed the
desired handlebody M;.

Since the intersection matrix A;; + (—1)9A% of M; is unimodular and M; is
(g — 1)-connected, dM; is a homology (2q — 1)-sphere. OM; is the result of index
q surgeries along ¢,: S9~! — D24, r = 1,...,n;. But the complement of the union
of images of 4,, r = 1,...,n; in D?7 is at least 1-connected by general position for
q > 3. This claim obviously breaks down for ¢ = 2. Now Van Kampen’s theorem
tells us that M, is 1-connected. Thus M, is a homotopy (2¢ — 1)-sphere and
hence is homeomorphic to $2¢~! for q > 3.

Let Q; be a g-skeleton of M; obtained by collapsing the 0-handle to a point and
g-handles to their cores. Let M = M3 U---UM,, and @ = Q; U--- U Q. Since
each M; is stably parallelizable, M can be immersed into S29*+1. By isotoping this
immersion slightly, we may assume that @ is embedded in S29+!. Thus a smooth
regular neighborhood of Q in M can be taken to be embedded in $29+!. Since the
smooth regular neighborhood of @ is diffeomorphic to M, we eventually have an
embedding f: M — S24+1,

Let A(f) = (Asj(f)) be the Seifert matrix of the Seifert surface f(M) with
respect to the basis {f.(ct)}i=1,..mir=1,..n;- Then it should be held that

Aii + (-1)7AT, = Au(f) + (-1)%4u(N)T.

4Cobordism can be replaced by a stronger relation, called S-equivalence [Ko].
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We denote the (7, s)th entry of the (4, 7)th matrix of a Seifert matrix A by a¥,. Let
g: M — §%9t1 be an embedding with Seifert matrix A(g). We will show how to
change g to get new embeddings:

(I) ¢': M — S%4+! with Seifert matrix A(g’) such that for given 4, j, r and s
with 2 > j and r > s, A(g') = A(g) except possibly the following three entries:
a?(g") = a¥, and ali(g’) = af and a¥(g’) is undetermined;

(I1) ¢":M — S29t! with Seifert matrix A(g”) such that for given 7 and r,
A(g") = A(g) except ai(g") = a.

Starting with f: M — S29t1 we can have an embedding f: M — S23+! such
that its Seifert matrix matches with A except diagonal entries through changes of
type (I). Then using changes of type (II) on f’, we eventually have an embedding
of M into S29*! whose Seifert matrix is exactly A.

In order to show (I), let S be an embedded oriented g-sphere in S24+1 — g(M)
such that S links only the sth handle of g(M,) once, i.e., Ik(S,g.(c})) = 1. Let d =
a¥,—a¥ (g). We embed |d| parallel copies of S in $29+!—g(M) and take a connected
sum of these S’s (or —S’s if d < 0) and denote it by dS. Let h%: DIx DY — M, be an
embedding whose image is exactly the rth handle of M;. We define an embedding
g': M — §29+1 a5 follows:

¢ =g on M — hi(int DI x D)

and . '
g'(hy(D? x 0)) = g(hz(D? x 0))#dS.

Then we extend g’ arbitrarily to be an embedding: M — S$29+1, It is easy to check
that the Seifert pairing on g’(M) gives the desired matrix on the basis {g’(c%)}.

Let ct itself denote an embedded g-sphere in M; representing the homology class
ct of HyM;. Consider the following situation: Let £9*! be the trivial (¢ + 1)-
dimensional bundle over S9 and let v be a vector field of this bundle. By choosing
a trivialization of €9+, v determines an integer [v] as an element of II,G}, | | = Z.
Then the g-dimensional bundle over S? given by the orthogonal complement of v
in €9*! is identified with ([v]) where 9: 1157 — II;_; SO, is the boundary map.
Furthermore, 9([v]) does not depend on the choice of trivialization of €9*! (see
[Sd]). Now let v be the vector field of the trivial normal 1-bundle of the embedding
g: M — S29+1 Then 9(a% (g)) can be identified with the orthogonal complement
of v|;: in the trivial normal (¢ + 1)-bundle of the embedding g: c2 — $29+! which
is isomorphic to the normal bundle of ¢t in M; by the bundle map dg. Since the
normal bundle of ¢t in M; is identified with d(ai), we have d(a¥: — a¥(g)) = 0.
This means that

- - 0, q = even,
ay, —ay,(9) = { even, g =odd # 3,7,
arbitrary, ¢ =3,7.
Let t:(D9,597!) — (SOgq41,id) be a smooth map with p.([t]) = a¥ — a% (g) and

t = id on a collar neighborhood of S9~!. We define a new embedding ¢": M —
S2a+1 as follows: First

g" =g on M — hi(int D? x (D7 —0)).

Let v be the trivial normal (g + 1)-bundle of the restriction g|h%(D? x 0) in §29+1,
Then the restriction v|h%(D? x 0) is a vector field of this bundle. We define a new
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vector field v’ of this bundle by
v' =t-v on hi(D? x0).

We extend g” defined on h:(8D? x D?UD? x 0) to a map g” defined on hi(D?x D9)
by taking the orthogonal complement of the cross section given by v’ in a tubular
neighborhood v of ¢”(hi(D4 x 0)) as g”(hi(D? x D?)). Then it is easy to see that
the Seifert pairing on g” (M) gives the desired matrix of (II) on the basis {g”(c%)}.

PROOF OF (2). For k = 1,...,m let Ni = (N;;) be a Seifert matrix of type
(m, €) defined by

01
Nij = 0 0}’
the matrix of size zero, otherwise.

if§=j =k,

We note that adding copies of Ny,..., N,, to a given Seifert matrix of type (m,¢)
does not change its cobordism class. Thus by adding enough copies of Ny,..., Ny,
any Seifert matrix B = (Bj;;) of type (m, +1) is cobordant to a matrix A = (A;;) of
the same type such that for all ¢ = 1,...,m, r; is arbitrarily larger than o; where
r; and o, are the rank and the signature of A;; + A~.

According to [M], there is a closed 1-connected 4-manifold, called the Kummer
surface®, whose signature is exactly 16 and rank is 22. Let P be the punctured
Kummer surface. According to [AK], P can be obtained by adding 2-handles to
D* along a framed 22-link. Let M; be a boundary connected sum of o;/16 copies
of P and %(r; — 110;/8) copies of punctured S? x S2. Then M; is a 1-connected,
stably parallelizable 4-manifold such that dM; is diffeomorphic to S and M; has
signature o; and second Betti number r;. Let {ct} be the basis of HoM; given by
the cores of 2-handles of M;. Since indefinite even unimodular symmetric matrices
over Z are completely determined by their ranks and signatures [M], there is a
unimodular matrix U; such that the intersection matrix of M; on the basis {c.} is
given by U;(A;; + AT)UT.

Let M = M U---UM,,. As in the case ¢ > 3, we can find an embedding
f:M — S° using the 2-skeleton of M given by cores of 2-handles. Let B = (B;;)
be the Seifert matrix of f(M) in S° on the basis of {f.(ct)}. Then we should have
Byi + BE = U;(Ai; + AL)UF. Using the same argument as the case ¢ > 3, we can
repair the embedding f on 2-handles (no twisting on 2-handles is necessary because
diagonal entries of Seifert matrices are determined by corresponding intersection
matrices in this dimension) to get a new embedding g: M — S® such that the Seifert
matrix of g(M) in the basis {g.(ct)} is exactly (U;As;UY).

Let A:G(m,+1) — m(8Z) be the map taking the signatures of A4;; + AL for
i=1,...,m for a Seifert matrix (4;;) of type (m,+1). Then we define a subgroup
GO(m, +1) of index 2™ of G(m, +1) to be A~} (m(16Z)).

Our main theorem is now stated.

THEOREM 3.5. (1) ¢(m,1): C1(By) — G(m,—1) is a surjection.
(2) ¢(m,2): C3(Bm) — G°(m, +1) is an 1somorphism.

(3) ¢(m,q): Coq—1(Bm) — G(m,(—1)?) is an isomorphism for ¢ > 3.
PROOF. The ontonesses of the theorem follow from Theorem 3.4.

5This is a nonsingular complex surface of degree 4 in CP3.
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We first show that the image of ¢(m,2) is contained in G%(m,+1). Let M =
M;U---UM,, be a Seifert surface of dimension 4. dM; is homeomorphic to S3
and so diffeomorphic to S3. By putting a 4-disk on dM;, we have a closed 4-
manifold M;. Let A = (A;j) be a Seifert matrix of M. Then A;; + A% represents
the intersection pairing on M. Since each M, is parallelizable, the signature of
Ai; + AT must be a multiple of 16 for each 7 by Rochlin’s theorem.

In order to prove that ¢(m, q), ¢ > 3 is injective, it suffices by Lemma 2.8 to show
that if M = M3 U---U M,, is a Seifert surface of dimension 2q with the property
that each M; is (¢ — 1)-connected and M has a null-cobordant Seifert matrix, then
there is a submanifold V = V; U ---UV,, in D292 as in Remark 2.12. Since M
has a null-cobordant Seifert matrix, we can choose for each 1 = 1,...,m a basis
{Cir}r=1,..,21, of HyM; such that for,7 = 1,...,m the Seifert pairing o(c;,, c;5) =0
for 1 <r <l; and 1 < s < [;. The intersection number ¢;, - ¢;, is identified with
o(cir,is) + (—1)%0(cis, ¢ir), and hence they are zero for 1 < r, s < l;. Since g > 3,
the Whitney’s trick enables us to represent c;i,...,c¢;, by disjoint embeddings of
S into M;. We will essentially do framed surgeries on M; to kill ¢;1,...,¢;, and
then the result of surgeries on M; is contractible as in [M1] and diffeomorphic to
D?4 for ¢ > 3.

But we want to have the traces V;, 2 = 1,...,m, of the surgeries in the D?4+2,
bounded by the ambient sphere S29t!. So we need the following care. We embed
M x I into D?9+2 for example, by pushing M slightly into D29+2 along the radial
direction, so that

(M xI)NnS%* = (M x 0)n S+ = M.

Let A;, be an embedded (q + 1)-disk in D?9%2 for each 7 = 1,...,m and for each
r=1,...,l; such that 0A,;, is an embedded g-sphere in M; X 1 representing c;, in
HyM; and int A;, does not intersect M x I. Since
Air . Ajs = U(cir’ cjs) = Oa

we may assume by Whitney’s trick that these disks are disjoint. Then these disks
can be taken to be cores of (¢ + 1)-handles to kill ¢;,’s. Each dA;, has a normal
1-frame in D292 given by the positive normal direction of M x I in D29+2, This
1-frame can be considered as a cross section over A;, of the trivial normal bundle
of A;; in D?29%2 and then it determines a map from 9A;, to G;+1,1 =~ S§9 whose
degree is identified with o(c;r, cir) = 0. Thus the map is null homotopic and so can
be extended to A;,, that is, we have a cross section over A;, of the normal bundle
of A, in D?9%2, Now we take the orthogonal complement of the cross section in
the tubular neighborhood as a g-handle H;,. Then it is easy to check that

(M xIUHy; U---UHy,)U- UMy X IUHpy U+ UHp,, )

has the properties of Remark 2.12 after smoothing the corners.

Now we prove that ¢(m,2) is injective. We first recall the following fact about
4-manifolds which can be easily seen through results in [W2].

Let W be a closed 1-connected 4-manifold whose second Stiefel-Whitney class
and signature are zero. Then for some k > 0, W#k(S? x S?) is diffeomorphic to
the boundary of a handle body with only one 0-handle and 2-handles.

Let M = M; U---UM,, be a Seifert surface in 5% whose Seifert matrix is null
cobordant. Since we can assume that each M; is 1-connected by Lemma 2.8, we
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may assume that each M; is diffeomorphic to the punctured boundary of such a
handle body H; as above, after adding copies of S2 x S2 to M; inside S°, which
corresponds to adding Seifert matrices Ni’s of the proof of 3.4 to the Seifert matrix
of M. Fori=1,...,mlet {¢; }r=1,. 2, beabasis of HyM; such that o(c;r,cjs) =0
for all 2,5 and 1 <r < [;, 1 < s <;. Since the signature of M, is zero, we may
furthermore assume that for eachi=1,... mandr,s=1,...,1;,

Cir * Ci(li4s) = Ors  and  Cir - Cis = 0 = Ci(1,4r) " Ci(l45)-

Let k; be the number of 2-handles in the handle body which was diffeomorphic to
M;. Let Sz{(kﬁr) for each r = 1,...,k; be an embedded 2-sphere in d H; which is
the boundary of the cocore of the rth 2-handle in H;. And let S/, for r =1,... k,
be an embedded 2-sphere in dH; which is parallel to the core of the rth 2-handle
in H;. We carry these embedded 2-spheres S;, in H; to embedded 2-spheres S,
in M; by the above diffeomorphism. Let ¢}, be the class in HyM; given by S;, for
r =1,...,2k;. Then it follows from a homology consideration that k; = [; for all
t=1,...,mand forr,s=1,...,1I;

/ / _ / /o — . /
Cir * Ci(lis) = Ors  aDd ¢ - €3 = 0= Ci(g 4y * Ci(1, 46)-

Thus the automorphism of Hy M, sending ¢!, to c;, preserves the intersection pairing
on M;. According to [W1] there is a diffeomorphism h; of M; onto itself such that
(hi)«(cl,) = cir. Thus ¢;; can be represented by an embedded 2-sphere h;(S;;) in
M;. We can now perform surgeries on M; to kill ¢;1,...,c;,. Then the result of
these surgeries on M; is diffeomorphic to D* because this is equivalent to adding
3-handles on H; to cancel out all of the 2-handles and to taking the punctured
boundary of the result which should be D5.

We can now use the same technique as in the case ¢ > 3 to have the traces of
surgeries on My, ..., M,, inside DS.

We recall the A,,-action on C,(B,,) from §2 and carry this A,,-action over
G(m,(—1)9) by the map ¢(m,q) whenn =2¢—1. Let M = M U---UM,, bea
Seifert surface in S29*! and A its Seifert matrix. Then ¢(m, q)([M]) = [A]. Let
a € Ap,. Then the action by a on [A] is in fact given by

a- [A] = ¢(m’ Q)(a ’ [M]) = ¢(m’ Q)([a ’ M])

We will prove that this A,,-action on G(m, (—1)?) does not depend on the dimension
g, but only on (—1)? by demonstrating this action explicitly.

Let a;; be a generator of A,, sending z; to :cjxi:cj_l and fixing the other gener-
ators of F,,. We recall from §2 that

aij'MzMIU"‘UM]'_lUM;IUM]-+1U...UMm

where M’ is a connected sum of M; and a double M;" UM, of M;. So HiM! =
H,M; ® HM @ H;M . For s = 1,...,m let {cso} be a basis of H; M, on which
M has the Seifert matrix A = (As¢)s,t=1,..,m. Let {c;'; (or {c,,,}, respectively) be
the basis of H,M;" (or HyM,") obtained by translating {c;q } along the positive (or
negative) direction of M;. We compute the Seifert pairing on a;; - M with respect
to the basis {csq } of H,M, for s # j and the basis {c;o} U{cj }U{c;,} of H M.
For s # 1, # 7
0(Csar€3) = 0(Csar €ip) = 0(CsasCip)
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and
a(cia,cl‘%) =0(Cias€ip)y  0(CiasCi5) = —(=1)%0(cip, Cia)
and
o(Cja; c;‘b) = 0(CjasCig) = 0(CjarCip)-

For the following computation, we note that M;" (or M, respectively) has the

7
negative (or positive) normal direction of M; as its positive normal direction. Then

o(ch,,ciz) = —(=1)%0(cip, cia) = o(ch,ci)

and
0(Cig Ci3) = 0(Cias CiB) = 0(Cis Ci)-

Let B’ = (B’,) be the Seifert matrix of a;; - M with respect to the above basis.
Then B’ is given by
, A5 Aji . A :
Bjj =1 Ay —eAy —A;
A Ay Ay

Aj' Ajt
B;'i = - EAS y B;t = Ait for ¢ ?é i,ja
Ay Ait

B =(Ay Au —eA]),
BQ;‘ =(Asy; As Asi) fors#1,7,
B, = A, fors#jandt#j,

where ¢ = (—1)9. Then the Seifert matrix B’ is congruent to a simpler Seifert
matrix B = (Bs:) given by

Ai; 0 0
B;j; = 0o 0 -S1,
Ai; 0 0
0 Ajy
Bji=| -S|, Bjs = 0 for t # 1,7,
0 At

By = A, fors#jandt#j,
st = (Asj 0 Asz’) for s 75 i,j,
where S; = A;; + (—=1)9AT, and 0’s are zero matrices of suitable sizes. We will take

the Seifert matrix B above as a definition of the action by o;; on a Seifert matrix
A, i.e., Qg - A=B.

It follows from Theorem 3.5 that this A,,-action on Seifert matrices is compatible
with cobordisms of Seifert matrices. So we put

a;; - [A] = [B] in G(m,e).
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Now we consider the set of boundary link cobordism classes of boundary m-links
of dimension n, ignoring F,-structures or choices of Seifert surfaces on those links.
We denote the set by B(n,m). By Lemma 2.3 B(n,m) is isomorphic to the orbit
spaces Cp(Bm)/Am or Cn(Fy,)/Am as sets. We note that B(n,m) is not necessarily
a group, even under our restricted connected sum operation. This corresponds to
the fact that there is no reason for the orbit space Cy(Bn)/Am to be a group,
although C,(By,) is.

COROLLARY 3.6. Let G(m,e)/A,, and G°(m,+1)/A,, be orbit spaces. Then
we have the following periodicity of B(n, m):
Forn=2o0rn>4,

0, n =0 (mod 2),
B(n,m) =< G(m,—1)/An, n =1 (mod4),
G(m,+1)/A,, n =3 (mod 4),

and B(3,m) = G%(m, +1)/Apm,.

Finally, we remark that A, is the trivial group because two generators aa, as;
of C A3 are inner. Thus we have

B(n,2) = Cn(Bz) = Cn(F2).

4. Examples. We give an example of a boundary link demonstrating that the
action of the group A,, on Cy,(B,,) or Cy,(Fy,) is nontrivial. In our example, m = 3.
But one can easily generalize the example in various ways for all m > 3.

Let B be the Seifert matrix of type (2,€) given by

0 1 1 0

0 -1 0 O
B = - 0 0 1

0 0 0 -1

By Theorem 3.4, there is a Seifert surface M’ in S29*1! realizing B, ¢ = (—1)1.
When ¢ = 2, the Seifert matrix of M’ is cobordant to B. Figure 1 illustrates O M’
for ¢ = 1. We remark that the Seifert matrix B is not null cobordant. So the
boundary link M’ is not boundary slice. In fact, we can show, using the method
in [(Ko] and a theorem in [CS], that this link is not slice for ¢ > 3.

We embed a 2g-disk D missing M’ in S?9t1. Consider the new Seifert surface
M = DUM’ in S24*!, The Seifert matrix of M is given by A = (Aij) where Aij
are empty matrices for ¢ = 1 or j = 1, and

Az2 Ass
= B.
<A32 As3
Recall the action of the group A,, on Seifert surfaces and on Seifert matrices.
Let a9, be a generator of Az in Lemma 2.4. We will show that as; - M is not
boundary cobordant to M by proving that the Seifert matrix (az; - A) & (—A)
is not null cobordant. Thus the boundary connected sum N = (ag; - M)j(—M)

does not represent the identity element in Cyq_;(B3). Figure 2 illustrates N for
= 1. Since the action of A,, on C,(B,,) fixes the identity element, a - N does
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Q) 22
S, O

FIGURE 1 FIGURE 2

not represent the identity element for any a € As. Thus the boundary link N
is not boundary slice for any choice of Seifert surfaces. But the question whether
this link is slice, remains unanswered even though one of its obstructions [CS] to
be slice vanishes due to its construction.

The Seifert matrix for N is given by

0 1 0 1
e —l—-¢eg|le —-1-¢
10
00
0 -1 0 1 10
a12-A®(-A) = -€ e+1 0 -1 0 1 00 e
0 1 0 0
- 0 - 0 01
0 O 0 0 0-1
e 0 0 -1
00 0 1
This matrix is cobordant (in fact, S-equivalent [Ko]) to
01 10 00
00 00 10
- 010 1 10
0 0|0 -1 00
0 -1 -1 0
0 —¢| —-¢ 0 0 1
0 O 0 o0 0 -1
e 0 0 -1
00 0 1

After tensoring with Q, we consider C;j, 7,7 = 1,2,3 as a bilinear form

C¢,~:V,~ XVJ' —>Q
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where V; is a vector space over Q of rank 2 and V5, V3 are of rank 4. Let ay,
t = 1,...,10 be the basis for V; @& V5 & V3 which gives the matrix representation
(Cy5) in this order.

Suppose that (C;;) is null cobordant. Then there are subspaces K;, i = 1,2,3
of V; satisfying

(i) tk(K,) = 4 rk(V3),

(ii) Cij(Ki, K]') = 0, for all i,j = 1,2,3.

By considering the matrix Ci;, the basis element of K; should be either one of
+a; or £ag. Since Cy2 and Csz are identical, we may assume that a; (or —ay)
generates K;. Let the linear combinations
Bi = qioz + rioy + s;as + tios, 1=1,2,
be basis elements for Ky. Since C2(tay,8;) = +q;, ¢ =0 for i = 1,2.
Now C22(8;,8;) = 0 for 4,7 = 1,2 give us four equations:
—rf sty +t2=0 - (i),
—T%—Sgtg-ﬁ-t% =0 --- (ii),
—rirg — S1tg + t1t2 =0 -+ (iii),
—1ror; — Sgty +tot; =0 --- (IV)
We first show ¢; # 0. If t; = 0, then r; = 0 by (i), then s1t2 = 0 by (iii). Since
B1 =0, s1 # 0, 0tz =0, then 7 = 0 by (ii). Thus we have §; = s;a5 and
B2 = sqas. This is not possible because rk(K3) = 2. Similarly we can show t # 0.

By (iii) and (iv), site = sty or s1/t; = sg/ta--- (v). Also we have s;/t; =
1 — (r1/t1)? by dividing (i) by t? and s;/t; = 1 — (r1/t1)(r2/t2) by dividing (iii)
by tite. Combining these two equations, (r1/t1)(r1/t1 — r2/t2) = 0. Thus we now
have only two possibilities that r; = 0 or 7, /t; = r2/ta.

If r; = 0, then s; = t; by (i), then s = t3 by (v), then ro = 0 by (ii). Thus we
have 8; = t1(as + ag) and B2 = ta(a@s + ag). This is not possible because they are
linearly dependent.

If r1/t1 = ro/to, then we have

b=t (—a4+s—la5+a6> and (7 = to (11-(144'2(154-0(6) .
tl 131 t1 t1
But this is not possible either.

Consequently, the Seifert matrix C' = (C;;) cannot be null cobordant. Since the
above argument does not depend on the matrix Ciz (or Ca;), we may conclude
that the following Seifert matrix of type (3,¢) is not null cobordant:

0 M 0 M 0)]0 0 0 O
0 0 0 N 0 N O

|
<

0 0
1 0
0 1 X

o

o
|
=
O =
—_— O

N —eXT

o
I

|
<
O m OmOoCc O OO~

where M, N are arbitrary nonzero integers and X is an arbitrary (4 x 4) matrix.
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